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Dynamics/Control of a Radio Telescope Receiver
Supported by a Tethered Aerostat
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Canadian researchers have proposed a design for a new radio telescope consisting of an array of very large
re� ectors. A large multitethered aerostat will be used to support each re� ector’s receiver. The length of each tether
can be adjusted by ground-based winches, and active control is used to overcome the effects of wind turbulence
on the aerostat. To aid in the system’s mechanical and controller design, a computer model has been developed,
including models of the tethers and the aerostat. Two types of aerostat have been considered: spherical and
streamlined. A wind turbulence model is incorporated to provide disturbance to the system. Controllers are used
to adjust the tether lengths based on feedback of the receiver’s position. The model is used to optimize the control
gains. We � nd that, with 50 kW available at each winch, it is possible to maintain the receiver’s position within
85 cm of its desired location, even in the worst-case con� guration.

Nomenclature
A = cross-sectionalarea of cable element, or � n

aspect ratio
A f = � n planform area
a = constant in von Kármán turbulence model
CD , CD0 = � n drag coef� cient, � n parasitic

drag coef� cient
Cd = normal drag coef� cient of cable element,

spherical aerostat, or receiver
CL = � n lift coef� cient
Cv = cable damping coef� cient
(Cdh/0 , (Cdc/h = hull zero-angle axial and cross� ow drag

coef� cients
Dh = drag force acting on hull
Ds = aerodynamic drag force on receiver or

spherical aerostat
Di = aerodynamic drag force on cable element,

[Di
p1, Di

p2;
Di

q ]T

dc = diameter of cable element
ds = aerostat or receiver diameter
E = effective Young’s modulus of cable element
Emax = maximum error in receiver position
e = � n ef� ciency factor
e j = error in distance between winch and receiver
f p , fq = aerodynamic loading functions
g = gravitational acceleration
h, hg = height and gradient height in the planetary

boundary layer
I1, I3 = hull-related geometric quantities
J1, J3 = hull-related geometric quantities
kP , kD , k I = proportional, derivative, and integral

controller gains
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k1, k3 = axial and lateral added-mass coef� cients
L , L0 , 1L = tether length, initial length, and change

in length
Lu , Lv , Lw = turbulence scale lengths in longitudinal,

lateral, and vertical directions
l i , li

u = stretched and unstretched length cable
element

Mnose = moment about the nose acting on hull
mc = mass of cable element
N = number of discrete spectral bands considered

in turbulence spectrum
Nh = transverse force acting on hull
n t ; nl = number of elements in each tether

and in the leash
Pmax = maximum winch power required
P i

q = tension due to internal damping in cable
element

p1 , p2 , q = axes of the element-� xed reference frame
p, pd = actual and desired position of receiver
pW j = winch position
q0 = steady-state dynamic pressure, ½V 2

B=2
R = focal distance
ri = position of cable node i , [r i

X r i
Y r i

Z ]T

Sh = hull reference area, (hull volume)2=3

Ti = tether tension at winch i
T i

q = tension due to structural stiffness in cable
element

t , T = number of tethers or time, and total time to
complete a slewing maneuver

U , Ug = wind speed at height h and at gradient
height hg

Ui = local air velocity at node i due to mean wind
and turbulence, [U i

X , U i
Y , U i

Z ]T

V = local air velocity at component reference
point, [u, v, w ]T

VB = total velocity of hull reference point
vg = gust velocity
vi = velocity of geometric center of cable element

with respect to surrounding air, [vi
p1, vi

p2 , vi
q]

T

vs = local velocity of the geometric center of the
aerostat or receiver

W i = weight of cable element
X , Y , Z = axes of the inertial reference frame
® = angle of attack
¯ = sideslip angle

1107



1108 NAHON, GILARDI, AND LAMBERT

° = wind power law exponent
" = strain of cable element
´ = relative angle between cable element

and incident � uid � ow
´k = hull ef� ciency factor
µw = wind direction
µza, µaz = zenith and azimuth angles of telescope

pointing
½ = local air density
½c = density of cable element
¾u , ¾v , ¾w = turbulence intensities in longitudinal, lateral,

and vertical directions
8u , 8v , 8w = turbulence spectra in longitudinal, lateral, and

vertical directions
’i = phase angle for i th turbulence spectral

component
Ã , µ , Á = yaw, pitch, and roll angles
Ä = wave number in turbulence model

I. Introduction

R ADIO astronomers from around the world have focused re-
cently on the need for a new radio telescope that would enable

the direct observation of the formation and evolution of galaxies
from gases in the universe.1 To do this requires an increase in sen-
sitivity of roughly two orders of magnitude over existing radio tele-
scope arrays, to a collecting area of 106 m2 , and this resulted in a
concept dubbed the Square Kilometer Array. One such conceptual
design originates from the National Research Council of Canada’s
Herzberg Institute of Astrophysicsand consists of an array of about
30 very large antennas. The proposed novel antenna design,2;3 one

Fig. 1 LAR installation; details of one of the 150 main re� ector sections and the prime-focus phased-array feed concept are shown at the bottom.8

of which is depicted in Fig. 1, is called the Large AdaptiveRe� ector
(LAR). The LAR design is based on the premise that building a
large-scale steerable radio antenna will require new concepts in the
design of structures to achieve the required strength and stiffness
at a reasonable cost. Preliminary estimates indicate that this tele-
scope concept offers an order of magnitude improvement in cost
per square meter of collecting area over traditional designs of large
parabolic antennas.3

The LAR design includes two central components. The � rst is
a 200-m-diam parabolic re� ector, with a focal length of 500 m,
composed of actuated panels, mounted on the ground. The second
component is a focal package held aloft at a height of 500 m by
a large helium balloon (aerostat) and a system of three or more
taut tethers. This tension structure is large enough that it � lters out
all but the lowest frequency turbulence and is stiff enough that it
effectivelyresistswind forces.The telescopeis steeredbymodifying
the shape of the re� ector and simultaneously changing the lengths
of the tethers with winches so that the receiver is positioned on
the surface of a hemisphere of radius R D 500 m, centered at the
center of the re� ector. It is also envisioned that the variable-length
tethers will allow some measure of control of the receiver position
in response to disturbances such as wind gusts.

Tethered and moored aerostat systems have received limited at-
tention in the literature,4;5 and these have usually consisted of large
streamlined aerostats constrained by a single tether. These stud-
ies have focused on the open-loop (uncontrolled) behavior of such
systems. One key issue in modeling these systems is that of deter-
mination of the aerodynamiccharacteristicsof the aerostat.6;7 Some
earlier work at the National Research Council of Canada8 dealtwith
a triple-tetheredaerostatsystem,but focusedprimarilyon its staticor
steady-state performance. Interestingly,U.S. Air Force researchers
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performed an experimental evaluation of a similar system9;10 and
found that the tritether arrangement was much more stable than an
equivalent single-tetheredsystem.

A one-third scale prototype is presently being constructed as a
proof of concept for this system. However, a mathematical model
and a computer simulation can also be used to good advantage.The
simulation can be used to weigh alternative design options, deter-
mine how typical gusts are likely to affect the receiver position-
ing accuracy, and perform preliminary evaluation of the controller
architecture.

This paper discusses the modeling and control of the tethered
aerostat subsystem. A model of the planetary boundary-layermean
wind and turbulenceis implementedto investigatethe effect of these
disturbanceson the system. The effectivenessof the tether winches
at controlling the receiver position is evaluated using a simple con-
troller consisting of independent proportional–integral–derivative
(PID) loops on each tether. The model is used to optimize the con-
trol gains. Results are shown to highlight the effect of aerostat type
(spherical or streamlined) on the system performance.

II. System Model
As shown in Fig. 1, the complete tethered aerostat subsystem

consists of the following elements: 1) an aerostat of 40-kN gross
lift; 2) a leash (short cable) joining the aerostat to the receiverbelow
it; 3) the receiver, which is enclosed in a spherical shell; 4) a series
of three to six elastic tethers from the ground to the con� uence
point at the receiver; and 5) a winch at the base of each tether. It is
assumed that a global positioningsystem is mounted at the receiver
to provide real-time measurementof the receiverposition to be used
in a feedback loop for actuating the winches. The modeling of each
component is now discussed.

A. Cable Model
This work uses a lumped-massmodel of the cables to model their

dynamic behavior.In this type of model, the continuouscable is � rst
discretized into elements. The mass of each element is lumped at its
endpoints (called nodes). The internal stiffness and damping char-
acteristics of the cable are modeled as lumped parameter stiffness
and damping elements connecting those nodes. This effectivelyne-
glects the effects of bending stiffness because the dominant forces
are due to tension. This type of model, illustrated in Fig. 2, has
been validated for a variety of underwater systems with excellent
agreement with in-� eld measurements.11;12

Two distinct types of orthogonal reference frame are used in the
developmentof the mathematicalmodel, an inertial referenceframe
anda seriesof body-�xed referenceframes placedat thenodesalong
the cables. The inertial reference frame (X , Y , Z/ is de� ned with
its origin located at the ground, at the center of the three tether at-
tachment points. The X axis is in the horizontal plane and directed
from the origin of the inertial frame to the base attachment point
of tether 1. The Z axis is vertical and positive upward. Finally, the
Y axis completes a right-handed coordinate system. The elemental
body-� xed frame (p1, p2 , q/ is de� ned relative to each cable ele-
ment, where p1 and p2 are the local normal and binormal directions
and q is the local tangent to the cable. Figure 3 shows the inertial
reference frame, with its origin translated to coincidewith node i -1,

Fig. 2 Cable element and node representation.

Fig. 3 The ith cable element.

as well as the p1 and p2 directions.The tangent direction is directed
from node i -1 to node i .

1. Kinematics
The position of each node is described with respect to an iner-

tial reference frame, by a three-componentvector ri D [r i
X r i

Y r i
Z ]T .

Each cable element is considered to be a straight elastic element,
subject to forces at its endpoints. This method of modeling allows
each cable element to possess distinct properties, such as density
and stiffness.

The orientation of each cable element is represented using a
Z–Y –X (Ã , µ , Á/ Euler angle set. These three successive rotations
align the inertial frame with the i th body frame. Because the torsion
of the cable is not included in the model, the Ã rotation about the
inertial Z axis is constrained to zero. As shown in Fig. 2, the two
remaining Euler angles can be calculated from the coordinates of
the appropriate nodal endpoints as follows:

µ i D atan2
¡
r i

X ¡ r i ¡ 1
X ; r i

Z ¡ r i ¡ 1
Z

¢
(1)

The solution for Ái can then be found in either of two ways, depend-
ing on which is more numerically stable:

Á i D atan2

"
¡

¡
r i

Y ¡ r i ¡ 1
Y

¢
;

¡
r i

Z ¡ r i ¡ 1
Z

¢

cosµ i

#

if cos µ i ¸ sin µ i

Á i D atan2

"
¡

¡
r i

Y ¡ r i ¡ 1
Y

¢
;

¡
r i

X ¡ r i ¡ 1
X

¢

sin µ i

#
if cos µ i < sin µ i

(2)

2. Internal Forces
The forces in the cable model are broken down into two types:

internal and external forces. Internal forces are due to axial stiffness
and internaldamping.These are representedschematicallyin Fig. 2.
Forces exerted on the rope by the environment are external forces
and consist of the aerodynamic drag and gravitational forces. The
tension in the cable due to its axial stiffness is considered to act
only in the tangential direction and is modeled by a linear function
relating tension and strain:

T i
q D AE"; " D

¡
l i ¡ l i

u

¢¯
l i
u (3)

where l i D
p

[.r i
X ¡ r i ¡ 1

X /2 C .r i
Y ¡ r i ¡ 1

Y /2 C .r i
Z ¡ r i ¡ 1

Z /2] is the
length of the i th element, l i

u is the unstretched length of that same
element, A is its cross-sectionalarea, and " is the strain.The tension
is set to zero if the strain becomes negative. However, this condi-
tion was never reached in the cases investigatedbecause the aerostat
buoyancy is very large in relation to the weight of the system aloft.
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The frictionbetweenthebraidsof thecable tendsto createa damp-
ing effect. Experiments on steel and synthetic cables13 indicate that
this internaldampingeffectcan be modeledby a linearviscous term.
We, therefore, assume the following relationshipbetween damping
force and strain rate:

P i
q D Cv P"l i

u (4)

Note, however, that this damping term is relatively small (damping
ratio »0.017) and typicallyhas a negligible impact on the results of
our simulations.

3. External Forces
The external forces acting on the cable element are those due to

aerodynamic drag and gravity. The drag forces acting on the cable
element can be calculated according to

D i
p1 D ¡

¡
1
2 ½Cddcl i

u

¢
f pkvi k2

h
vi

p1

.q¡
vi

p1

¢2 C
¡
vi

p2

¢2
i

D i
p2 D ¡

¡
1
2 ½Cddcl i

u

¢
f pkvi k2

h
vi

p2

.q¡
vi

p1

¢2 C
¡
vi

p2

¢2
i

Di
q D ¡

¡
1
2 ½Cddcl i

u

¢
fqkvi k2 (5)

where Di is the aerodynamic drag force represented in the body-
� xed frame with components D i

p1, Di
p2, and Di

q and vi is the local
velocityof the geometriccenterof the i th cable elementwith respect
to the surrounding air, with components vi

p1 , vi
p2, and vi

q . These
velocitiesmust accountnot only for the motion of the cable element,
but also the motion of the surrounding air (discussed later).

In eachof theprecedingequations,thedrag coef� cient is modi� ed
by an appropriateloading function, f p or fq , which are functionsof
´, the relative angle between the i th element and the incident � uid
� ow. These loading functions account for the nonlinear breakup
of drag between the normal and tangential directions. Hoerner14

provides simple expressions for these functions. Driscoll et al.11

surveyed a number of other works to arrive at more complicated
functions. These differ from Hoerner’s functions14 mainly in the
relativelysmall tangentialcomponent.No noticeabledifferencewas
found in using either of these formulations.

The relative velocity of the � ow over the geometric center of a
particularcable element is found by averagingthe relativevelocities
of its two end nodes, where the relativevelocity of the air over node
i is a function of the air velocity as well as the velocity of the node:

kvi k D

s³
U i

X ¡
dr i

X

dt

´2

C
³

U i
Y ¡

dr i
Y

dt

´2

C
³

U i
Z ¡

dr i
Z

dt

´2

(6)

where U i
X , U i

Y , and U i
Z are the local air velocity components at

node i due to the mean wind and air turbulence. Once the drag for
elements i and i C 1 are calculated,one-halfof each value is applied
to the i th node that joins the two elements.

Finally, the equation for the net gravitational force acting on a
cable element in the inertial frame is

W i D ½c

¡
¼d2

c

¯
4
¢
l i
u g (7)

where ½c is the density of material of the element.
The equationsfor internalforcesand thedragforcesaredeveloped

in an elemental body-� xed frame, whereas the equations for the
gravitational forces are developed in an inertial frame. The motion
equations are written in the inertial frame, and, thus, all forces must
be transformed into that frame before inclusion in these equations.

B. Spherical Aerostat and Receiver Housing
The aerostatdesignforLAR has not yet been � nalizedand may be

spherical or streamlined.Models for both of these types of aerostat
are, therefore, considered in this work. Based on an earlier statics
analysis of the LAR system,8 it was expected that the spherical
aerostatwould not performas well due to its higherdrag coef� cient.
However, the spherical aerostat would be cheaper to purchase and
operate and, thus, was considered worth investigating.

The spherical aerostat is modeled as a single mass at the upper
nodeof the leash, subject to buoyancy,aerodynamicdrag (generated
by winds and gusts), and gravity. The antenna receiver is located at
the upper con� uence point of the three tethers and is assumed to be
enclosed in a sphericalhousing.Thus, for both the sphericalaerostat
and the receiver, the aerodynamic drag can be found from

Ds D 1
2 ½Cd

¡
¼d2

s

¯
4
¢
kvsk2 (8)

where Ds is the aerodynamicdrag force,ds is the aerostator receiver
diameter, Cd is the normal drag coef� cient, and vs is the local ve-
locity of the geometric center of the aerostat or receiver, relative to
the surrounding air. The variation in drag coef� cient of a spherical
object15 from 0.4 to 0.15, dependingon the Reynolds number of the
� ow, was included.

The added mass of the aerostat and receiver were included in the
model because they are large. These were calculated as one-half of
the displaced air mass of the correspondingspheres.16

C. Streamlined Aerostat
The streamlined aerostat modeled is a scaled-up (by a factor of

2.33) version of the Aeros FlightCam aerostat, shown in Fig. 4.
The aerostat in Fig. 4 is presently being used in a proof-of-concept
demonstration for this project. For modeling purposes, the aero-
stat is considered to be rigid and capable of six-degrees-of-freedom
motion. The model uses a component breakdown method, as out-
lined by Nahon.17 The aerostat is considered to be composed of the
hull and three aft � ns. The forces acting on the aerostat are due to
aerodynamics, weight, and buoyancy. Both weight and buoyancy
act along the vertical, and their values are considered constant. The
aerodynamic forces are calculated for each single component and
later summed.

For the � ns, the locationof the center of pressure is approximated
at their one-quarter chord line midway from the base to the tip. The
local angle of attack ® can be calculated using the relationship

® D tan¡1.w=u/ (9)

where u and w are the local velocities along the chord and normal
to it. The � ns are approximated as NACA 0018 sections, and the
dimensionlesslift coef� cient is calculatedusing availableempirical
data for airfoil shapes.The lift coef� cient is then reduced to account
for 1) the � nite aspect ratio of the � n and 2) the reduction in � n
effectivenessdue to operation in the disturbed air� ow at the rear of
the hull. The drag coef� cient of the � ns is computed as15

CD D CD0 C C2
L

¯
¼ Ae (10)

Fig. 4 Aeros FlightCam aerostat.
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The lift and drag forces are given by

L D 1
2 ½ A f CL kVk2; D D 1

2 ½ A f CDkVk2 (11)

where V is the local velocity at the center of pressure.
For the hull, the method of Jones and DeLaurier6 is used to cal-

culate transverse and drag force and a pitch moment about the nose:

Nh D q0[.k3 ¡ k1/´k I1 sin.2®/ cos.®=2/ C .Cdc/h J1 sin ® sinj®j]

Dh D q0

£
.Cdc/0Sh cos2 ® ¡ .k3 ¡ k1/´k I1 sin.2®/ cos.®=2/

¤

Mnose D ¡q0[.k3 ¡ k1/´k I3 sin.2®/ cos.®=2/

C .Cdc/h J2 sin® sinj®j] (12)

where VB D .u2 C v2 C w2/1=2 , the total velocityof the aerostat,and
® is the hull angle of attack. The calculationof these coef� cients is
based on the hull geometry and is discussed in detail by Lambert.18

Mostof thesequantitiescanbe estimatedwith goodcon� denceusing
the methods discussedby Jones and DeLaurier.6 The cross� ow drag
coef� cient was more dif� cult to estimate accurately, but we found
relatively little change in our results with changes in this parameter.

The effective point of application of the hull force is then calcu-
lated from the hull moment and lift force. Once all forces are found,
they are summed to obtain the total force acting on the aerostat.The
moments exertedby these forces are also summed to obtain the total
moment acting on the aerostat.

D. Mean Wind and Turbulence
A wind model was incorporated to determine its effect on the

tethered aerostat system. It consists of a height-dependent mean
wind pro� le on which are superimposed turbulent gusts that also
vary with height. The mean wind U at height h was represented by
a power law pro� le19 representing the Earth’s boundary layer,

U D Ug.h=hg/° (13)

where the power law exponent ° D 0:19 was used to represent con-
ditions in rural areas. A gradient height hg D 500 m was used, at
which the mean wind reaches its full speed of Ug .

Turbulent gusts were superimposed on this mean wind. These
were generated with the desired gust statisticalproperties,19 includ-
ing turbulence intensity, scale length, and spectra. The turbulence
intensities ¾u , ¾v , and ¾w in the three orthogonal directionswere

¾u

U
D

»
0:1 h ¸ 300 m

0:1 C 4:328 £ 10¡9.300 ¡ h/3 h < 300 m

¾v

¾u
D

»
1 h ¸ 300 m

0:7 C h=1000 h < 300 m

¾w

¾u
D

»
1 h ¸ 300 m

0:25 C h=400 h < 300 m (14)

whereas the three correspondingscale lengths Lu , Lv , and Lw were

Lu D 280.h=hg/0:35; Lv D 140.h=hg/0:48

Lw D
»

0:35h h · 400 m

140 h > 400 m (15)

and, � nally, the three corresponding spectra 8u , 8v , and 8w were
taken from a von Kármán model (see Ref. 19) with

8u.Ä/ D
³

¾u

U

´2

U 2 Lu

¼
¢ 1
£
1 C .aLuÄ/2

¤ 5
6

8v.Ä/ D
³

¾v

U

´2

U 2 Lv

2¼
¢

1 C 8
3 .aLvÄ/2

£
1 C .aLvÄ/2

¤11=16

8w.Ä/ D
³

¾w

U

´2

U 2 Lw

2¼
¢

1 C 8
3 .aLwÄ/2

£
1 C .aLwÄ/2

¤11=16
(16)

whereÄ is thewavenumberanda D 1:339.The followingprocedure
was adopted to generate each of the three gust components:

1) Discretize the wave number axis of the spectrum 8 j into
N D 50 intervals, each of width 1Äi D 1:21Äi ¡ 1, i D 1; : : : , N ,
with Ä0 D 0:0001 and 1Ä0 D 0:0001.

2) Randomly choose a wave number Äi within each interval.
3) Randomly choose a phase angle ’i from 0 to 2¼ for each

component.
4) Evaluate 8 j (Äi /=U 2.
5) Evaluate Ai =U D .28 j 1Äi=U 2/1=2.
6) Evaluate the gust speed:

vg D
NX

i D 1

Ai

U
U cos.Äi .x ¡ tU / C ’i / (17)

where x and t are the position along the mean wind direction
and time, respectively. The preceding equation implies the use of
a frozen-� eld approximation19 to relate temporal and spatial gust
correlations.

Steps 1–5 are all implemented of� ine. Step 6 must be imple-
mented during the dynamics simulationand is a functionof position
and time.

The procedure is an adaptationof a similar procedure commonly
used in the synthesis of water wave heights from standard wave
spectra.20 It is expected that this approachwill incorporatethe dom-
inant features of the turbulence statistics, though it does have two
failings: 1) It neglects the spatial correlations in gusts in the direc-
tions perpendicularto the mean wind velocity.2) It can generate ex-
cessivewind accelerationsdue to the random phase relationshipbe-
tween the wind spectral components.However, these shortcomings
in the wind model will lead to conservative results when assessing
the system performance.

E. Assembly of the Motion Equations
Once all of the internal and external forces just described have

been expressed in the common inertial frame, the equationsgovern-
ing the translationalmotion of each node can be written as

Mi Rri D .Ti C 1 C Pi C 1/ ¡ .Ti C Pi/ C 1
2

¡
Di C Di C 1 C m i

cg C m i C 1
c g

¢

(18)

where Ti and Pi are the elastic and damping force vectors generated
in the i th element,Di is the aerodynamicdrag force vectoron the i th
element, and m i

cg is the gravitationalforce actingon the i th element.
The weight, buoyancy,and aerodynamiclift and drag of the aerostat
and receiver are simply added to the appropriatecable nodes (at the
lower and upper ends of the leash, respectively). All of the node
equations are then assembled with the rotational equations of the
aerostat and integrated simultaneouslyfor r i , the position of node i
in inertial space, and the Euler angles of the aerostat.

F. Numerical Implementation
The second-order differential equations given by Eq. (18) must

now be solved by numerical integration. Each of the t tethers is
discretizedinto nt elements, resultingin n t C 1 nodesfor each tether.
However, because the uppermost nodes of all of the tethers are
connectedtogetherat thecon� uencepoint, there are a totalof tnt C 1
nodes in the tethers.The leash consists of an additionalnl elements.
However, its lowermostnodeis attachedto the con� uencepoint,and
its uppermostnode is lumpedwith the aerostat,so that the leashadds
only nl ¡ 1 nodes to the system. This results in a total of tnt C nl

nodes in the system.
Each node is modeled by three second-orderordinarydifferential

equations(ODEs) (one for each nodaldegreeof freedom).However,
the lowermostnodeof each tetherhas no differentialequationsasso-
ciatedwith it because its motion is prescribed.The receiverdoes not
add any differential equations because its effect is lumped into the
con� uencepointnode.Considerationof the aerostatmotion adds six
second-orderODEs to the system.Thus, a total of 3(tnt C nl ¡ t/ C 6
second-order ODEs are needed to describe the complete system.
To apply a numerical integration algorithm in standard form, each
second-order ODE is rewritten as two � rst-order ODEs. This then
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leads to a total of of 6(tnt C nl ¡ t/ C 12 � rst-order ODEs to repre-
sent the complete system.

The approach used to solve the system of differential equations
is taken from Ref. 21. The particular integrator chosen is a fourth-
order Runge–Kutta technique with � xed step size.21 This method
gives accurate solutions for a broad range of problems, though not
necessarily with optimum ef� ciency. Because the system of differ-
ential equations is large (186 � rst-order ODEs for t D 3, nt D 10,
and nl D 2/, and the cable material is stiff .E D 3:74 £ 1010 Pa), a
small time step was used to avoid numerical instabilities and to en-
sure an accurate solution. Accuracy tests were made to ensure that
an appropriate time step was used, ultimately leading to a time step
of 1 ms.

III. Winch Control
Winches at the base of each tether are used to keep the receiver

in the desired position in presence of wind and turbulence. Each
winch is controlledby an independentPID controller that responds
to errors in the receiver position, which we presume to be measured
accurately. A planar representation of the geometry is shown in
Fig. 5.

The desired location of the receiver is at pd , whereas its actual
locationis at p. The locationof the j th winch, j D 1; : : : ; 3, is at pW j .
For each winch, we can, therefore, de� ne the error in the receiver
position as

e j D k p ¡ pW j k ¡ k pd ¡ pW j k (19)

Our winch controller can now operate according to

1L j D ¡
³

kP e j C kD Pe j C k I

Z
e j dt

´
; j D 1; : : : ; 3 (20)

where 1L j is the change in length of tether j and the three gains
kP , kD , and k I are the same for all tethers because no advantagewas
found for them to be different.

The motivation behind this approach is that, if the distance from
winch j to the receiveris correct, then the receiver lies on a sphereof
radius kpd ¡ pW j k centered at the winch. If all three receiver–winch
distances are correct, then the receiver lies at the intersection of
those spheres that de� ne the correct desired location of the receiver
in three-dimensionalspace.

A. System Con� guration
The numerical simulation based on the preceding model is ca-

pable of � nding the nonlinear response of the system due to wind
disturbances and initial conditions. The system can be con� gured
with either of the two aerostat types, with any number of tethers
(t ¸ 3), and in any con� guration (receiver position, wind speed Ug ,
and wind directionµw). The receiver’s desiredpositionwas at a � xed
point on a hemisphere of radius R D 500 m whose center lay on the
Earth’s surface. The winches were each located 1200 m from the
hemisphere’s center and con� gured symmetrically 120 deg apart.
The desired locationof the receiver is speci� ed by its zenith µza and

Fig. 5 Control terminology.

azimuth µaz angles, shown in Fig. 6. From this geometry, we � nd
that the desired position coordinates of the receiver are

pd D [R cos µaz sin µza R sin µaz sin µza R cos µza]T (21)

The operating range considered is 0 < µza < 60 deg, 0 < µaz <
360 deg, 0 < µw < 360 deg, and 0 <Ug < 10 m/s. Results are only
shown here for the tritethered arrangement.

The tether and leash consisted of Puget Sound Plasma rope of
1.85-cm diam, with a density of 840 kg/m3 , and a normal drag
coef� cient of 1.2. The 500-kg receiver was contained in a sphere of
6-m diam; the spherical aerostat had diameter of 19.7 m, a mass of
610 kg, and a net buoyancy of 34,895 N; and the scaled-up Aeros
streamlined aerostat had a mass of 4539 kg and a net buoyancy of
34,872 N.

The simulation just described was � rst validated by comparing
its steady-state results against an independently generated statics
simulation.8 All results matched within a fraction of a percent, both
with and without steady winds (no turbulence).

B. Gain Optimization for Streamlined Aerostat
The streamlinedaerostatwas considered� rst. Gains were chosen

to optimize the behavior of the system in term of maximum error
and power. These two quantities are de� ned as

Emax D maxk p ¡ pd k; Pmax D maxjT j ¢ PL j j (22)

where T j is the tension at the winch of each tether. To limit the
winch power requirements, a bound of 50 kW was imposed that
had to be satis� ed throughout the operating envelope and cases
considered. Several simulations showed a qualitative relationship
between the error, power and wind speed, wind direction, zenith
angle, and azimuth angle. It was found that both the error and the
power tended to increase directly with increases in wind speed or
zenith angle, as shown in Tables 1 and 2. Thus, the maximum values
of these two parameters (10 m/s and 60 deg) were used to � nd the
worst-case con� guration.

With a baseline set of gains, the worst-case con� guration, that is,
the azimuth angle and wind direction, in terms of power was iden-
ti� ed. The controller gains were gradually increased to reduce the

Table 1 Maximum error and power for µza = 0,
µaz = 0, µw = 0, and gains = 5, 3, and 1

Wind speed, m/s Error, cm Power, kW

2 2.2 1.0
4 7.3 3.3
6 14.8 8.1
8 24.8 15.8
10 36.5 27.1

Table 2 Maximum error and power for µaz = 0,
Ug = 10 m/s, µw = 0, and gains = 5, 3, and 1

µza , deg Error, cm Power, kW

0 36.5 27.1
20 33.9 21.7
40 42.5 24.4
60 75.8 32.9

Fig. 6 Geometry of layout.
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Table 3 Maximum error (centimeters)/maximum power (kilowatts) for µza = 60 deg;
Ug = 10 m/s; gains = 5, 3, and 1 (lightface type); and gains = 5.3, 3, and 3 (bold type)

µaz , deg

µw , deg 0 30 60 90 105

0 75.8/32.9 77.3/42.1 78.0/41.6 79.8/43.5 62.8/28.6
30 76.2/33.9 78.6/40.1 70.4/41.3 73.8/40.5 77.4/38.1
60 71.9/33.4 78.0/39.3 81.5/41.7 79.6/42.3 78.1/38.2
90 75.0/34.9 72.5/38.9 79.8/44.1 77.1/43.1 78.1/40.3
120 80.9/30.4 80.3/44.2 78.5/44.6 76.9/44.9 77.8/41.1
150 83.2/31.2 80.0/43.3 85.8/48.0 73.0/45.9 73.4/41.8
180 83.1/31.8 79.0/38.8 82.5/47.6 80.5/48.7 77.6/42.4
210 82.9/31.2 78.4/39.6 82.6/41.8 78.4/45.8 62.6/33.6
240 81.3/30.4 78.1/40.0 79.1/40.3 77.8/42.0 83.4/39.3
270 75.9/35.8 79.6/46.1 82.0/41.4 79.1/42.5 83.8/39.8
300 74.8/33.2 80.4/48.1 82.6/47.7 79.8/40.8 80.5/36.7
330 77.4/32.0 73.3/43.6 85.4/48.5 79.5/42.0 78.8/34.7

Fig. 7 Comparison of errors and tensions ——-, with control and – – –,
without control; for these plots, µza = µaz = 0, Ug = 10 m/s, µw = 0, and
gains = 5, 3, and 1.

error, until the power required for the worst-case con� guration just
exceeded its maximum admissible value. These gains were kP D 5,
kD D 3 s, and k I D 1 s¡1 . With these gains, the power and error
were determined for all of the con� gurations. The results showed
that the error was maximum when the wind direction was between
µaz C 120 and µaz C 240 deg. It was noted that the con� gurations
with the maximum error did not consume the maximum power.
Thus, a second optimization was performed on con� gurations in
the range µaz C 120 < µw < µaz C 240 deg, to use all of the avail-
able power to reduce the maximum error. A second group of gains
(5.3, 3, and 3) was determined for that interval. The com-
bined results are shown in Table 3. The results are only shown
for azimuth angles up to 105 deg due to symmetry of the
system.

Figure 7 shows a comparison of errors and tensions for
µza D µaz D 0, Ug D 10 m/s, µw D 0, and gainsD 5, 3, and 1, with
and without control. The motion is plotted as components in and
out of the focal plane (the plane locally tangent to the 500-m hemi-
sphere at the desired aerostat location) because only those errors in
the focal plane are of primary importance. When µza D µaz D 0, the

focal plane is horizontaland the out-of-planemotion is purely verti-
cal. For this con� guration, the maximum error is 36.5 cm (Table 1),
whereas its maximum component in the focal plane is an order of
magnitude less (Fig. 7). The uncontrolled case makes apparent that
the system responds little to high-frequencygusts and acts as a nat-
ural low-pass � lter due to its huge scale.

In summary, we � nd that the positioningerror can be consistently
kept below 85 cm throughout the operating envelope. Of course,
with more power available at the winches, the control gains could
be increased, and the ensuing positioning errors would be further
reduced.

C. Spherical Aerostat
Once the streamlined aerostat controller gains had been opti-

mized, the same gains were applied to the system operating with
the spherical aerostat. Results for this con� guration are shown in
Table 4. The maximum error and the power requiredare much lower
than for the streamlinedaerostat.The error could be further reduced
by increasingthe gainsuntil the50-kWpower limit is reached.How-
ever, note that this simulation does not include the effects of vortex
shedding from the spherical aerostat, a phenomenon that can cause
large additional disturbances.22

A statics analysis of the LAR system8 had indicated that the
streamlinedaerostatshould lead to better system performance.Con-
sistent with that investigation,we found that the steady-state forces
are generally lower for the streamlinedaerostat.However, the varia-
tions about the mean, which are a more important issue for dynamic
positioning, were higher due to the aerodynamic lift generated by
the hull and � ns.

Table 5 shows a typical example of the inertial frame compo-
nents of the leash tension for the streamlinedand spherical aerostat.
Table 5 shows that the mean forces generated by the streamlined
aerostat are generally lower, but that their rms values are higher, es-
peciallyin theverticaldirection.The streamlinedaerostatis trimmed
to a 4-deg nose-up attitude, which results in a higher mean tension
component in the z direction. When trimmed to a level attitude,
that mean z tension can be reduced to a level similar to the spheri-
cal aerostat, but the rms value is largely unchanged, and the errors
remain high.

D. Slewing
A slewing maneuver consists of moving the receiver from one

positionto another. It is accomplishedby changingthe lengthsof the
three tethers on a larger scale than done in the � xed-positioncontrol
just shown. Slewing can be done with or without the controller
active, that is, either open or closed loop.

In the open-loop case, the length of each tether was changed
from the value corresponding to the initial position L0 to the value
correspondingto the � nalpositionL0 C 1L usingasinusoidalramp,
that is,

L D L0 C 1L[t=T ¡ sin.2¼ t=T /=2¼ ]; t · T

L D L0 C 1L ; t > T (23)
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Table 4 Maximum error (centimeters)/maximum power (kilowatts) for µza = 60 deg;
Ug = 10 m/s; gains = 5, 3, and 1 (lightface type); and gains = 5.3, 3, and 3 (bold type)

µaz , deg

µw , deg 0 30 60 90 105

0 5.8/4.0 6.5/4.6 7.4/6.8 7.1/9.6 5.1/4.6
30 5.1/5.9 6.2/4.5 7.6/4.7 9.1/5.0 6.2/5.7
60 5.1/3.6 5.4/3.6 7.6/4.9 8.7/6.1 6.3/7.1
90 6.0/9.1 5.3/8.4 7.4/4.6 7.2/6.2 7.6/6.4
120 4.2/3.2 6.7/9.5 6.6/7.3 9.1/6.5 6.4/6.3
150 5.7/3.4 5.4/8.4 7.5/11.4 8.1/7.8 6.2/6.2
180 6.1/4.9 5.2/5.7 5.5/11.6 8.9/11.6 7.9/7.4
210 5.2/3.4 5.6/5.9 6.7/4.8 7.8/9.0 5.7/5.3
240 4.1/3.1 5.8/4.0 7.8/4.6 7.3/7.9 5.1/6.2
270 6.5/10.4 5.2/10.6 6.1/8.2 7.4/9.6 7.4/7.0
300 5.5/3.8 6.7/12.3 4.9/11.8 7.5/13.1 6.2/9.8
330 5.4/3.4 5.3/4.8 7.2/9.3 8.6/11.1 6.4/5.9

Table 5 Mean and rms tensions for µza = 60 deg, µaz =
60, Ug = 10 m/s, µw = 300 deg, and gains = 5, 3, and 1

Tension, N Spherical Streamlined

Mean/rms in x ¡1,236/279 ¡345/853
Mean/rms in y 2,206/298 841/247
Mean/rms in z ¡34,880/162 ¡38,491/2,393

Fig. 8 Comparison of lengths and tensions during slewing ——-, with
control and – – – , without control; for these plots, µaz = 0, Ug = 10 m/s,
µw = 0, and gains = 5, 3, and 1.

where T is thedesiredtime to completethemaneuver.The advantage
of this functionis that the initial and � nal accelerationare zero; thus,
the impact of the maneuver on the system is reduced.

In the closed-loop case, the desired position of the receiver, de-
� ned by pd , is changed using a similar functionon the zenith and/or
azimuth angle. The controller forces the system to follow this vari-
ation until the � nal desired position is reached. Figure 8 shows a
comparison of the results for a slewing maneuver, with the stream-
lined aerostat, from a ¡60 to C60 deg zenith angle, completed in
500 s. The position of the receiver and the tensions at the winches
are shown.

Both methods are effective in guiding the system to its � nal con-
� guration.In the open-loopcase, some oscillationsare presentat the
� nal con� guration due to motion excited during the maneuver. In
the closed-loop case, the terminal oscillations are smaller because
disturbances during the maneuver are compensated for and, there-
fore, do not build up. A possible alternative would be to perform
the open-loop slewing and then activate the controller when the � -
nal position is reached (likely using a ramp on the gains instead of
immediately using their � nal values, to avoid instabilities).

IV. Conclusions
A simulation of a large tethered aerostat system controlled by

ground-mountedwinches was developed.The computer simulation
describedhere providesan ef� cient and cost-effectivemethodof de-
termining the effects of different wind conditions and aerostat con-
� gurations on the tethered aerostat system described. It was found
that the system is relatively insensitive to turbulent gusts and only
responds to the lowest-frequency gusts. The simulation was used
to optimize the winch control gains and study the relative perfor-
mance of streamlinedand sphericalaerostats.It was found that, with
50 kW available at each winch, the receiver could be kept within
»1 m from its desired location in its worst-case con� guration. The
positioning error was substantially smaller in other con� gurations.
When the spherical aerostatwas used, it incurred smaller errors and
used substantiallyless power. The streamlined aerostat’s worse per-
formance was due to the lift generated with gust-induced changes
in wind incidence.
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